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PLAN OF THE LECTURESPLAN OF THE LECTURES

•• MotivationMotivation: : turbulentturbulent variabilityvariability in (in (almostalmost) ) whateverwhatever concernsconcerns nearnear--
EarthEarth plasma.plasma.

RoleRole and and originorigin ofof noisenoise..

•• NoiseNoise and and multimulti--historyhistory evolutionevolution:  :  statisticalstatistical dynamicsdynamics via via 
functionalfunctional formalismformalism..

LECTURE 1/2LECTURE 1/2
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PLAN OF THE LECTURESPLAN OF THE LECTURES

•• ApplicationApplication #2#2: : stochasticstochastic tetradtetrad dynamicsdynamics forfor turbulentturbulent MHDMHD
plasmasplasmas..

LECTURE 2/2LECTURE 2/2

•• InvitationInvitation toto getget curiouscurious: : fractalfractal magneticmagnetic reconnectionreconnection and and 
metriplecticmetriplectic kinetickinetic equationequation

•• ApplicationApplication #1#1: : stochasticstochastic fieldfield theorytheory formulationformulation ofof resistive MHDresistive MHD. . 
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PLAN OF THE LECTURESPLAN OF THE LECTURES

•• MotivationMotivation: : turbulentturbulent variabilityvariability in (in (almostalmost) ) whateverwhatever concernsconcerns nearnear--
EarthEarth plasma.plasma.

RoleRole and and originorigin ofof noisenoise;;
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SpaceSpace plasma plasma isis a system a system 
ofof particlesparticles interactinginteracting
throughthrough electromagneticelectromagnetic
forcesforces. MHD . MHD representsrepresents itit
via via smoothsmooth and and 
deterministicdeterministic fieldsfields. . ThisThis
representationrepresentation concealsconceals
the the granularitygranularity ofof plasmaplasma..

StillStill, , granularitygranularity emergesemerges
wheneverwhenever strong strong gradientsgradients
oror impulsive impulsive phenomenaphenomena
take take placeplace: : hencehence, , 
classicalclassical fieldsfields look look erraticerratic
and and noisynoisy..

ENCODE GRANULARITY ENCODE GRANULARITY 
EFFECTS IN CONTINUA EFFECTS IN CONTINUA 
VIA NOISE TERMSVIA NOISE TERMS
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1)1)-- The The SolarSolar Wind Wind 
and and SunSun forcing on forcing on 
the system the system maymay bebe
highlyhighly erraticerratic: : 
externalexternal noisenoise

2 2 sourcessources ofof noisenoise in in nearnear--EarthEarth plasmaplasma

2)2)-- GranularityGranularity ofof
mattermatter, , bringingbringing toto
the the classicalclassical fieldfield
scalesscales particleparticle
phenomenaphenomena: : internalinternal
noisenoise..

ThisThis isis the the noisenoise
more more closelyclosely relatedrelated
toto turbulenceturbulence, and , and 
thisthis isis whatwhat wewe willwill
deal deal withwith
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TheThe erraticerratic ballball: : randomrandom kickskicks ξξ actact on the on the dynamicaldynamical
variablesvariables ((xx,,pp), ), handinghanding themthem theirtheir ““stochasticitystochasticity””

MANY DIFFERENT HISTORIESMANY DIFFERENT HISTORIES
ARE (ARE (differentlydifferently) ) PROBABLEPROBABLE!!
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GeneralGeneral frameworkframework forfor a a dynamicaldynamical systemsystem::

ψψ isis the the statestate ofof the the 
system at system at handhand, V , V isis
itsits phasephase spacespace

ExampleExample 1: the 1: the pointpoint particleparticle (finite (finite dimensionaldimensional system)system)

ExampleExample 2: 2: MHD in MHD in locallocal variablesvariables (infinite (infinite dimensionaldimensional system, system, fieldfield theorytheory))
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NoiseNoise stirredstirred dynamicaldynamical systemssystems::

DeterministicDeterministic
part: part:  isis anan

expressionexpression inin, , 
thatthat’’s s itit……

Additive Additive noisenoise: at : at eacheach
timetime, , ff isis the output the output ofof
a a stochasticstochastic processprocess ofof
givengiven probabilityprobability lawlaw

MultiplicativeMultiplicative noisenoise: at : at 
eacheach timetime, , ff and and g g are are 

the output the output ofof notnot
necessarilynecessarily

uncorrelateduncorrelated stochasticstochastic
processesprocesses. .  isis asas
deterministicdeterministic asas 

TimeTime--locallocal ODEsODEs and and 
PDEsPDEs willwill bebe dealtdealt withwith
(in (in mostmost casescases, , alsoalso
spacespace--locallocal))



““Complexity and Turbulence in Space PlasmasComplexity and Turbulence in Space Plasmas””, 18, 18--22 September 2017, 22 September 2017, 
L'Aquila (Italy)L'Aquila (Italy)

Finite Finite dimensionaldimensional stochasticstochastic dynamicaldynamical
systemssystems ((SDSsSDSs):):

Infinite Infinite dimensionaldimensional SDSsSDSs ((stochasticstochastic fieldfield theorytheory, SFT):, SFT):



NoisesNoises willwill evolve evolve probabilisticallyprobabilistically in the in the timetime
intervalinterval [[tt00,,tt]. ]. EachEach noisenoise ““historyhistory”” can can bebe
assignedassigned a a probabilityprobability toto take take placeplace QQ[[ff,,gg]]..

DefiningDefining a a probabilityprobability
measuremeasure in in the sample the sample 
spacespace ofof possiblepossible
evolutionsevolutions..

In In QQ[[ff,,gg] ] squaresquare bracketsbrackets
are are usedused toto underlineunderline the the 
quantityquantity dependsdepends on the on the 
valuevalue ((ff,,gg) ) at at everyevery timetime 
(infinite (infinite variablesvariables).).

ProbabilityProbability overover a a 
denselydensely--infiniteinfinite--
dimensionaldimensional spacespace..
Ensemble Ensemble calculationscalculations
are are possiblepossible::
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EachEach ((ff((),),gg(()) )) isis a a differentdifferent
collectioncollection ofof timetime--dependentdependent
coefficientscoefficients in the in the ODEsODEs: : eacheach
““noisenoise historyhistory”” isis a a differentdifferent 
historyhistory ((rememberremember the the ““erraticerratic
ballball””).).

InitialInitial conditioncondition ((CauchyCauchy) ) 
ProblemProblem forfor a SDS:a SDS:

IInsteadnstead of of calcuatingcalcuating the the 
final configuration once the initial final configuration once the initial 
one is given at one is given at tt00, , thou thou shaltshalt
computecompute the probability that the the probability that the 
system has a certain configuration system has a certain configuration 
at a certain later time at a certain later time tt > > tt00..

TryingTrying toto givegive a a sensesense toto a a functionalfunctional integralintegral
(finite (finite dimensionaldimensional SDS) SDS) asas the the continuouscontinuous limitlimit
ofof a multiple a multiple integralintegral::
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The The realreal objectobject ofof desiredesire ofof a SDS a SDS theorytheory isis the the probabilityprobability functionalfunctional
AA[[], ], knownknown QQ[[ff,,gg]]. . GoingGoing fromfrom QQ toto AA meansmeans goinggoing fromfrom the the knowledgeknowledge
ofof noisenoise statisticsstatistics toto thatthat ofof system system statisticsstatistics..

ThisThis isis donedone in in twotwo stepssteps..

1. 1. EquatingEquating the system ensemble the system ensemble statisticsstatistics toto noisenoise statisticsstatistics ((becausebecause
chance chance comescomes fromfrom noisenoise):):

2. 2. TakingTaking intointo account account thatthat whatwhat relatesrelates noisesnoises toto system system variablesvariables isis
dynamicsdynamics::
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SFTSFT ((key slide!key slide!): ): AA[[]] isis expressedexpressed via via anan intermediate intermediate stepstep
kernelkernel A[A[,,]], , dependingdepending on on ancillaryancillary variablesvariables  ((stochasticstochastic
momentamomenta) and ) and characteristiccharacteristic functionalfunctional CC ofof noisesnoises..

TheseThese  are are variablesvariables
FourierFourier--conjugatedconjugated toto
noisesnoises ff in the in the latterlatter’’s s 

infiniteinfinite--dimensionaldimensional
spacespace. . IntegratingIntegrating A in [A in [dd] ] 

isis allall butbut grantedgranted



Ensemble Ensemble statisticsstatistics on the (on the (,,) ) spacespace, , normalizationnormalization
ofof A, A, definitiondefinition ofof stochasticstochastic actionaction SS[[,,;t;t00,t,t), ), ……
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TransitionTransition probabilityprobability betweenbetween anan initialinitial fieldfield
configurationconfiguration ii and a and a finalfinal oneone ff::

ThisThis isis simplysimply the the 
ensemble ensemble averageaverage ofof ““11””

overover allall possiblepossible
trajectoriestrajectories goinggoing fromfrom the the 

selectedselected initialinitial conditioncondition
toto the the selectedselected finalfinal
conditioncondition. . NothingNothing

changeschanges whenwhen functionalfunctional
integralsintegrals are are dealtdealt withwith..
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In In orderorder toto understandunderstand whatwhat goesgoes on in a on in a functionalfunctional
integralintegral, , go discretego discrete::

DefinitionDefinition ofof a a stochasticstochastic LagrangianLagrangian LL, , econdingeconding the the wholewhole statisticalstatistical
dynamicsdynamics::
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Finite Finite lengthlength timetime-- or or spacespace--correlationcorrelation forfor noisesnoises
can can givegive rise rise toto timetime-- or or spacespace--nonnon--locallocal stochasticstochastic
LagrangianLagrangian densitiesdensities, in a SFT, in a SFT

The The ““silentsilent LagrangianLagrangian densitydensity””
isis timetime--locallocal (in (in plasmasplasmas, , itit isis

alsoalso spacespace--locallocal), i.e. ), i.e. hashas no no 
memorymemory effectseffects. . EveryEvery nonnon--
localitylocality maymay come come fromfrom the the 

noisynoisy addendum addendum SSCC , in , in whichwhich
multiple multiple timetime and and pointpoint

correlationscorrelations ofof noisesnoises enterenter..

LetLet’’s s trytry toto convince the convince the 
audience audience ofof thisthis factfact……



CalculationCalculation ofof SSC C (1/3):(1/3):
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CalculationCalculation ofof SSC C (2/3):(2/3):
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CalculationCalculation ofof SSCC up up toto the first the first 
orderorder in in expexp((SSff,g,g))--11, and , and up up toto the the 
secondsecond orderorder in in SSff,g,g: : thisthis isis notnot
necessarilynecessarily anan approximationapproximation, , butbut
just a just a dydacticdydactic truncationtruncation!!
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CalculationCalculation ofof SSC C (3/3):(3/3):
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THANK YOU FOR YOUR THANK YOU FOR YOUR 
ATTENTION, SEE YOU ATTENTION, SEE YOU 

TOMORROWTOMORROW……
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PLAN OF THE LECTURESPLAN OF THE LECTURES

LECTURE 2/2LECTURE 2/2

•• ApplicationApplication #1#1: : stochasticstochastic fieldfield theorytheory formulationformulation ofof resistive MHDresistive MHD. . 
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MHD MHD ““fieldfield”” equationsequations ofof motionmotion, , withwith
mattermatter conservationconservation and and magneticmagnetic

divergencelessnessdivergencelessness alreadyalready includedincluded

OUR AGENDA IS:OUR AGENDA IS:

1.1. RecognizingRecognizing thosethose PDEsPDEs asas a a SFTSFT;;

2.2. ConstructingConstructing the the kernelkernel AA[[VV,,BB]];;

3.3. GivingGiving a a calculablecalculable exampleexample ofof AA[[VV,,BB]]



GiveGive toto some some termsterms the the rolerole ofof noisesnoises and and writewrite
MHD MHD asas a set a set ofof LangevinLangevin fieldfield equationsequations

In In orderorder forfor themthem toto mimicmimic the the granularitygranularity
ofof mattermatter, , possiblypossibly givinggiving rise rise toto outout--ofof--thethe--

((locallocal))--equilibriumequilibrium fluctuationsfluctuations, , noisesnoises are are 
chosenchosen toto dependdepend on the on the electricelectric currentcurrent, , 

the the mattermatter density density distributiondistribution and and mattermatter
pressurepressure, , JJ and and  and and pp respectivelyrespectively

Resistive, Resistive, compressiblecompressible MHDMHD isis turnedturned intointo
the the followingfollowing set set ofof LangevinLangevin fieldfield equationsequations::
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ConstructConstruct the the stochasticstochastic actionaction A[A[,,,,BB,,VV;;tt00,,tt)), , asas the the 
productproduct ofof a a deterministicdeterministic partpart and the and the noisenoise factorfactor CC
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GetGet ridrid ofof the the ancillaryancillary variablesvariables  and and , , providedprovided
the the noisenoise statisticsstatistics in the in the factorfactor CC isis ““kindkind enoughenough””

toto letlet youyou makemake the the integralsintegrals......

NoiseNoise statisticsstatistics are are 
originatedoriginated byby the the 
statisticsstatistics ofof , , pp and and JJ, , 
originatedoriginated, in turn, , in turn, byby the the 
microscopicmicroscopic behaviourbehaviour ofof
plasma plasma particlesparticles
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TruncatedTruncated LagrangianLagrangian densitydensity forfor the SMHD (1/2):the SMHD (1/2):



TruncatedTruncated LagrangianLagrangian densitydensity forfor the SMHD (2/2):the SMHD (2/2):
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GaussianGaussian toytoy modelmodel ofof stochasticstochastic MHD: the MHD: the noisesnoises are are 
deltadelta--correlatedcorrelated GaussianGaussian processesprocesses dependingdepending on on 

position and position and timetime

•• ((NotNot triviallytrivially, , butbut stillstill) ) CalculableCalculable stochasticstochastic LagrangianLagrangian densitydensity

Some Some usefuluseful
definitionsdefinitions, just , just 
toto shortenshorten
writingwriting LL
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PLAN OF THE LECTURESPLAN OF THE LECTURES

•• ApplicationApplication #2#2: : stochasticstochastic tetradtetrad dynamicsdynamics forfor turbulentturbulent MHDMHD
plasmasplasmas..

LECTURE 2/2LECTURE 2/2

•• ApplicationApplication #1: #1: stochasticstochastic fieldfield theorytheory formulationformulation ofof resistive MHD. resistive MHD. 
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TurbulenceTurbulence isis……
•• ErraticErratic behaviourbehaviour ofof fluidfluid dynamicdynamic proxiesproxies, , highlyhighly irregularirregular and and 
unpredictableunpredictable;;

•• NoiseNoise…… LangevinLangevin equationsequations…… FunctionalFunctional formalismformalism……

•• Big Big rolerole palyedpalyed byby granularitygranularity ofof mattermatter, in , in generalgeneral: : importantimportant rolerole
ofof the the material naturematerial nature ofof fluidsfluids (and (and plasmasplasmas););

•• UseUse material material descriptiondescription ofof the plasma the plasma insteadinstead ofof the the locallocal oneone, i.e. , i.e. 
go go LagrangianLagrangian insteadinstead ofof EulerianEulerian;;

•• ImportantImportant multimulti--scalescale couplingcoupling, , withwith cascadescascades, , eddyeddy fragmentationfragmentation
and/or and/or coalescencecoalescence..

•• DefineDefine scalescale--specificspecific dynamicaldynamical variablesvariables, so , so thatthat theirtheir couplingcoupling willwill
bebe the interthe inter--scale scale couplingcoupling..
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RepresentingRepresenting the the evolutionevolution ofof the material the material 
parcelparcel ofof plasmaplasma

Once a Once a referencereference pointpoint in the in the parcelparcel isis consideredconsidered (e.g., (e.g., 
sensiblysensibly the the centercenter--ofof--massmass ofof the the parcelparcel), ), itsits ““shapeshape”” isis
describeddescribed byby the position the position ofof threethree more material more material pointspoints. . 

ThoseThose threethree evolvingevolving relative relative positionspositions formform the the tetradtetrad
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TetradTetrad variablesvariables and and tetradtetrad ODEsODEs (1/6)(1/6)

ConsiderConsider the relative the relative velocityvelocity ofof the the II--thth pointpoint xxII withwith respectrespect toto the the 
referencereference : : asas long long asas the the parcelparcel isis ““infinitesimalinfinitesimal”” oneone can can bebe happy happy withwith a a 
linearlinear approximationapproximation......

As As the the sizesize ofof the the parcelparcel mustmust play the play the rolerole ofof physicalphysical scalescale, ONE , ONE 
NEEDS TO WORK WITH NEEDS TO WORK WITH FINITE SIZEFINITE SIZE PARCELSPARCELS
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Stochastic tetrad assumptionStochastic tetrad assumption: the : the 
difference of material velocities difference of material velocities 
between two points of the fluid between two points of the fluid --apart apart 
from each other from each other exceeds a purely exceeds a purely --
linear approximation of a stochastic linear approximation of a stochastic 
processprocess, the average of which is o(, the average of which is o())

Tetrad matrix variablesTetrad matrix variables: : 
 represents the represents the tetrad tetrad 

configuration variablesconfiguration variables, , 
MM is the coarse grained is the coarse grained 
velocity gradientvelocity gradient, while , while 

 is the tetrad is the tetrad shape shape 
tensortensor

TetradTetrad variablesvariables and and tetradtetrad ODEsODEs (2/6)(2/6)
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TetradTetrad variablesvariables and and tetradtetrad ODEsODEs (3/6)(3/6)

The The LagrangianLagrangian (material) dynamics(material) dynamics of the incompressible, of the incompressible, 
viscovisco--resistive plasma is the starting point:resistive plasma is the starting point:
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Need of Need of material equations for gradientsmaterial equations for gradients AA and and ZZ::

TetradTetrad variablesvariables and and tetradtetrad ODEsODEs (3/5)(3/5)

•• HH and and  are are gradientsgradients ofof gradientsgradients, i.e. , i.e. havehave strongerstronger irregularitiesirregularities thanthan
AA and and ZZ: : thosethose willwill becomebecome noisesnoises



TetradTetrad variablesvariables and and tetradtetrad ODEsODEs (4/5)(4/5)

•• NoiseNoise HH forfor the ODE the ODE ofof MM: : savesave incompressiblityincompressiblity, , behavebehave correctlycorrectly withwith
respectrespect toto the the K41 K41 turbulenceturbulence theorytheory, do , do thisthis allall in the in the minimal minimal wayway……

•• NoiseNoise  forfor the ODE the ODE ofof WW: : do the do the samesame! ! 
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From From infintiesimalinfintiesimal parcels to tetradsparcels to tetrads: passing from : passing from 
AA and and ZZ to to MM and and WW, i.e. , i.e. coarse graining of the coarse graining of the 

LagrangianLagrangian variable variable ODEsODEs of incompressible, of incompressible, 
resistive MHDresistive MHD
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TetradTetrad variablesvariables and and tetradtetrad ODEsODEs (5/5)(5/5)

•• LangevinLangevin EquationsEquations forfor TetradTetrad MHD show MHD show purelypurely additive additive noisesnoises ((UU,,hh,,))..

•• TheseThese are the are the samesame typetype ofof ODEsODEs ofof finite finite dimensionaldimensional SDSSDS withwith pure pure 
additive additive noisesnoises, , asas PhythianPhythian’’ss::
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StochasticStochastic TetradTetrad MHD (1/4)MHD (1/4)

All the noises are All the noises are 
supposed supposed 
Gaussian Gaussian 
distributed and distributed and 
deltadelta--correlated correlated 
in timein time: this will : this will 
allow directly for allow directly for 
the formulation the formulation 
of of the stochastic the stochastic 
kernel in terms kernel in terms 
of physical of physical 
variablesvariables..

Moreover, their Moreover, their 
average will be average will be 
assumed to be assumed to be 
zerozero, coherently , coherently 
with the with the 
assumption to be assumption to be 
an an oo--micron of micron of 
the tetrad sizethe tetrad size



StochasticStochastic TetradTetrad MHD (2/4)MHD (2/4)

Tetrad dynamical variablesTetrad dynamical variables are the elements of the are the elements of the 
configuration matrix configuration matrix , of the coarse, of the coarse--grained traceless grained traceless 
VV--gradient gradient MM and of the coarseand of the coarse--grained traceless grained traceless BB--
gradient gradient WW..
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The The purely additive, purely additive, 
Gaussian, deltaGaussian, delta--correlated correlated 
noisenoise in an SDS yields an in an SDS yields an 

““easyeasy”” calculation of the calculation of the CC
factorfactor for the stochastic for the stochastic 

kernel A[kernel A[,,]]
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StochasticStochastic TetradTetrad MHD (3/4)MHD (3/4)
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StochasticStochastic TetradTetrad MHD (4/4)MHD (4/4)

Conditioning the Conditioning the 
average <1>average <1>,,MM,,WW on on 

different integration different integration 
domains one may domains one may 

calculate the calculate the 
transition probabilities transition probabilities 

between different between different 
initialinitial--final condition final condition 

combinationscombinations (scale (scale 
transitions, magnetic transitions, magnetic 
topology transitions topology transitions 

etcetc……))

Note: plasma is Note: plasma is 
infintielyinfintiely many many 

tetradstetrads!!
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PLAN OF THE LECTURESPLAN OF THE LECTURES

•• ApplicationApplication #2: #2: stochasticstochastic tetradtetrad dynamicsdynamics forfor turbulentturbulent MHD MHD 
plasmasplasmas..

LECTURE 2/2LECTURE 2/2

•• ConcludingConcluding remarksremarks: : invitationinvitation toto curiositycuriosity..

•• ApplicationApplication #1 (2/2): #1 (2/2): stochasticstochastic fieldfield theorytheory formulationformulation ofof resistive resistive 
MHD. MHD. 
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InvitationInvitation toto curiositycuriosity (1/2): (1/2): 
fractalfractal 2d 2d reconnectionreconnection (I/(I/IIIIII))
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InvitationInvitation toto curiositycuriosity (1/2): (1/2): 
fractalfractal 2d 2d reconnectionreconnection (II/(II/IIIIII))

The ratio between The ratio between 
the incoming and the incoming and 
outgoing plasma outgoing plasma 
velocity may be velocity may be 
calculated via the calculated via the 
reconnectedreconnected--mass mass 
conservationconservation..

Let the Let the Hurst Hurst 
dimensionsdimensions of the of the 

reconnected reconnected inin--
and outand out--frontfront be be 

DDinin and and DDoutout, both , both 
in (0,1)in (0,1)



Dimensionally Dimensionally 
isotropic scenario:isotropic scenario:
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InvitationInvitation toto curiositycuriosity (1/2): (1/2): 
fractalfractal 2d 2d reconnectionreconnection (III/(III/IIIIII))
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InvitationInvitation toto curiositycuriosity (2/2): (2/2): metriplecticmetriplectic dynamicsdynamics
in dissipative in dissipative plasmasplasmas (I/(I/IIIIII))

““DissipationDissipation”” makingmaking the system relax the system relax isis
representedrepresented byby the the collisionalcollisional integralintegral

BoltzmannBoltzmann equationsequations withwith collisionscollisions::
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InvitationInvitation toto curiositycuriosity (2/2): (2/2): metriplecticmetriplectic dynamicsdynamics
in dissipative in dissipative plasmasplasmas (II/(II/IIIIII))

ShannonShannon entropyentropy ofof ff isis constantconstant
in the in the nonnon--collisionalcollisional limitlimit::

In theIn the nonnon--collisionalcollisional limitlimit
the system the system becomesbecomes
HamiltonianHamiltonian::
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ItIt isis rightright ShannonShannon entropyentropy ofof the the distributiondistribution ff thatthat generatesgenerates the the 
dissipative dissipative componentcomponent ofof the the motionmotion (i.e. the (i.e. the collisionalcollisional integralintegral):):

In the In the presencepresence ofof
collisioncollision the system the system isis
metriplecticmetriplectic and and 
completecomplete, i.e. , i.e. hashas a a 
generalizedgeneralized bracketbracket
takingtaking intointo account account ofof
dissipationdissipation, , thatthat
producesproduces collisionscollisions

InvitationInvitation toto curiositycuriosity (2/2): (2/2): metriplecticmetriplectic dynamicsdynamics
in in collisionalcollisional plasmasplasmas (III/(III/IIIIII))
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GENERAL CONCLUSION/SUGGESTION:GENERAL CONCLUSION/SUGGESTION:

BE(E) CURIOUS!BE(E) CURIOUS!

?
?? ?
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Grazie per Grazie per ll’’attenzioneattenzione


