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getting oriented: a simulated MW analog

100 kpc 100 kpc

Dark Matter (CDM) Stars

FIRE-2 simulation m12i, Wetzel et al 2016



A simple mass estimator - 
the rotation curve
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Spherical symmetry

Gauss’s Law

vc(r) = GM( < r)
r



the rotation curve before Gaia 

vc(r) = GM( < r)
r

High-mass disk stars
gas terminal velocity
red clump giant stars

Jeans modeling of BHB stars
★ stream modeling
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the rotation curve - not just stellar velocities 
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stars in the actual MW near the Sun
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the rotation curve before Gaia 

vc(r) = GM( < r)
r

High-mass disk stars
gas terminal velocity
red clump giant stars

Jeans modeling of BHB stars

★ stream modeling

mostly disk mostly halo



Jeans analysis - a [not quite as] simple mass estimator
Ingredients: 

* Collisionless Boltzmann Equation (stars are independent)

* Poisson Equation (relation between mass and gravitational force)
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⋅ ∂H
∂ ⃗v

− ∂H
∂ ⃗x

⋅ ∂f
∂ ⃗v

= 0

steady state

ν( ⃗x ) ≡ ∫ d3 ⃗v f( ⃗x , ⃗v ) n( ⃗x ) = Nν( ⃗x ) phase-space  
distribution function (DF)

∇2Φ = 4πGρ( ⃗x ) Poisson’s Equationρ( ⃗x ) ∼ m*Nν( ⃗x )
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Take moments of this 

with respect to velocity 
to get Jeans eqs.



Jeans analysis - a [not quite as] simple mass estimator
• Start with collisionless Boltzmann equation

• Multiply by some power of velocity & integrate [over velocity]

• Not generically closed

• To close, make assumptions about the distribution function and/or system symmetries

• for the halo, spherical symmetry & steady state (equilibrium) often assumed
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0


(for θ,φ: non-rotating)

n( ⃗x ) = Nν( ⃗x )
need to count tracers

we actually measure:

• σlos (before Gaia) and maybe β (with HST or Gaia)

• n(r) and [noisily] dn/dr for some subsample of tracers

this term tells 
us M(<r) 
via Poisson eq.



Jeans analysis - what is in equilibrium?

d(νv2
r )

dr
+ 2 β

r
νv2

r = − ν
dΦ
dr

M31 GCs, Veljanoski et al. 2013 
• What tracers are in equilibrium? 
• Globular clusters? 
• Satellite galaxies? 
• Stars? 

• How well do we know β? 
• How well do we know ν?

M87 GCs, Romanowsky et al. 2012 



d(νv2
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• What tracers are in equilibrium? 
• Globular clusters? 
• Satellite galaxies? 
• Stars? 

• How well do we know β? 
• How well do we know ν?

Direction of orbital angular momentum 
for newly discovered satellite galaxies 
Kallivayalil et al. 2018Illustris-TNG Collaboration

Jeans analysis - what is in equilibrium?
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r = − ν
dΦ
dr

• What tracers are in equilibrium? 
• Globular clusters? 
• Satellite galaxies? 
• Stars? 

• How well do we know β? 
• How well do we know ν?

SDSS view of  
stellar halo at 

different distances: 
density-smooth model 

(Bell et al. 2008)

Jeans analysis - what is in equilibrium?
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• What tracers are in equilibrium? 
• Globular clusters? 
• Satellite galaxies? 
• Stars? 

• How well do we know β? 

pictures of successive distance slices in halo from Sloan

plot from Kafle paper

Mass reconstruction of the MW analogues 9
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Figure 5. Mass profiles of the parent galaxy obtained from the Jeans formalism using the spatio-kinematic profiles of the tracer
populations. Black dashed lines show the intrinsic mass profile of the parent galaxy whereas magenta and blue solid solid lines are
estimated masses of the galaxy when stellar and accreted DM particles are used as dynamical tracers respectively. The magenta and
blue dashed lines shown in small panels at ordinates ' 0 are respective measurements of |hvri|/�r. The bands of corresponding colours
around the blue and magenta lines show the associated uncertainties obtained from the bootstrapping.
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Jeans analysis - what is in equilibrium?



Jeans analysis - the mass-anisotropy degeneracy

Eadie & Harris 2017
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• What tracers are in equilibrium? 
• Globular clusters? 
• Satellite galaxies? 

• How well do we know β? 
• How well do we know ν?

Simulated data with  
all components 
measured

Simulated data with  
half of vtan values 
missing, β=0

Simulated data with  
half of vtan values 
missing, β=0.5 but 
assumed β=0



Jeans analysis - the mass-anisotropy degeneracy

d(νv2
r )
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+ 2 β

r
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• What tracers are in equilibrium? 
• Globular clusters? 
• Satellite galaxies? 

• How well do we know β? 
• How well do we know ν?

Cunningham et al. 2019

13

Figure 8. The Milky Way’s radial anisotropy profile, �, as measured from 3D kinematics. Colored points indicate results from this work, while
grey points indicate findings from previous work and other studies. The grey diamond shows the anisotropy estimate from Bond et al. (2010),
using main sequence stars from SDSS, and the grey square shows the estimate from Cunningham et al. (2016), using 13 MW MSTO stars
along the line of sight towards M31. The two recent estimates for � from MW globular clusters, using HST PMs and Gaia PMs, are shown
with triangles (Sohn et al. 2018, Watkins et al. 2018). Square shaped points are results from individual fields, while our spherically averaged
results are shown as circles. When using small fields to estimate anisotropy, � varies from mildly tangential (e.g. GOODS-S, M31) to strongly
radial (e.g., EGS). However, the spherically averaged estimates are all consistently � ⇠ 0.6 (and consistent with solar neighborhood and GC
estimates), and the posterior means increase as a function of mean sample distance.

radius. While our estimates are around the MW break radius,
the posterior medians of our spherically averaged estimates
increase as a function of Galactocentric distance. Increas-
ing � as a function of radius is consistent with predictions
from simulations (e.g., Abadi et al. 2006, Sales et al. 2007,
Rashkov et al. 2013, Loebman et al. 2018). However, we
need to probe to larger distances beyond the break radius to
see if this trend continues to larger radii, or if � starts to de-
crease (as seen by Bird et al. 2018 and Lancaster et al. 2018).

When we treat our different lines-of-sight separately, we
see potential evidence for a dip in � towards GOODS-S and
M31. Based on the Loebman et al. (2018) findings, these
sightlines could be dominated by material that has been re-
cently accreted or kicked up by the passage of Sagittarius.
As discussed in the Introduction, several overdensities previ-
ously believed to be accreted structures now show evidence
of a potential disk origin, having been kicked out of the disk
due to the passage of Sagittarius (e.g.,Price-Whelan et al.
2015; Laporte et al. 2018; Bergemann et al. 2018). One
such overdensity discussed in those works is TriAnd, located

along the line of sight towards M31, which is also the lowest
latitude of the HALO7D fields.

Measuring abundances for stars in the HALO7D fields
from their Keck spectra (McKinnon et al., in prep) will help
to distinguish between the kicked-up disk scenario and the re-
cent accretion scenario as the origin for the observed “dips”
in � in GOODS-S and M31. Chemical abundances will also
help to assess the origin of the strongly radially biased � esti-
mate in EGS (�EGS ⇠ 0.8). Belokurov et al. (2018) discov-
ered the “Gaia-Sausage” as a metal-rich ([Fe/H] > �1.7),
radially biased (� ⇠ 0.9) population in Gaia DR1. Given
that the estimate of � in EGS is more radially biased than the
estimates of � in the other fields, it is possible that the sam-
ple of stars in EGS is dominated by Sausage stars. Chemical
abundances will be essential in assessing to what extent the
Sausage is contributing to the HALO7D sample.

6. COMPARISON WITH SIMULATIONS

When we treat the four HALO7D fields separately, we
see variation in the estimates of the velocity ellipsoid pa-

N=188



Jeans analysis - the selection function

d(νv2
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• What tracers are in equilibrium? 
• Globular clusters? 
• Satellite galaxies? 

• How well do we know β? 
• How well do we know ν?

Galactic positions of known 
satellite galaxies + surveyed 
regions of sky (as of 2015) 
Drlica-Wagner et al. 2015 
(DES collab)



example of Jeans analysis before & after Gaia 
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example of Jeans analysis before & after Gaia 

Eadie & Juric 2019



example of Jeans analysis before & after Gaia 

Eadie & Juric 2019
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Stream models: non-equilibrium mass estimation 
some key scaling relations

Tidal (Hill) radius [based on 3-body approximation] rt = ( m
3M )

1/3
R0

dynamical time Ω = GM
R3

0

At 10 kpc: t ~ 300 Myr 
At 100 kpc: t ~ 3 Gyrtdyn = 2π

Ω

initial phase-space distribution
rt

R0
∼ ( m

M )
1/3

∼ σ
vorb

δE
Eorb

∼ ( m
M )

1/3

See also Johnston 1998, Johnston et al. 1999
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Review of action-angle variables

J =

I
p dq

(p, q) $ (J, ✓)

✓(t) = ⌦t+ ✓0



Stream models: non-equilibrium mass estimation 

rt = ( m
3M )

1/3
R0 Ω = GM

R3
0

tdyn = 2π
Ω ∼ Torb

rt

R0
∼ ( m

M )
1/3

∼ σ
vorb

δJ
J

δθ0 ∼ ( m
M )

1/3
scaling of length and width with time

phase-wrapping time

phase-mixing time
δθi(t ≫ t0) = ∂2H

∂Ji∂Jj
δJjt

δθi(t) ∼ 2π

δθi(t) ∼ 2πN*

δE
Eorb

∼ ( m
M )

1/3

See also Johnston 1998, Helmi & White 1999



Stream models: non-equilibrium mass estimation 
δJ
J

δθ0 ∼ ( m
M )

1/3
scaling of length and width with time

phase-wrapping time

phase-mixing time

δθi(t ≫ t0) = ∂2H
∂Ji∂Jj

δJjt

δθi(t) ∼ 2π

δθi(t) ∼ 2πN*

See also Johnston 1998, Helmi & White 1999

in a spherical logarithmic potential,

Torb(E + δE) = exp ( δE
v2c )

Φ = v2
c ln(r) + Φ0

T2π = Torb
1 − exp[ − (2Gm /R0v2c )1/3]

in a spherical logarithmic potential

spreading depends on 
potential and its 

symmetries
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Helmi et al., 2011



300 kpc

Bullock & Johnston, 2005

P.-A. Duc (CEA, CFHT); 
Atlas 3D CollaborationNGC 474

– 19 –

Fig. 1.— Luminance filter images of nearby galaxies from our pilot survey (see Sec. 2 for discussion)

showing large, di�use light substructures in their outskirts: (a) a possible Sgr-like stream in Messier

63; (b) giant plumes around NGC 1084; (c) partial tidally disrupted satellites in NGC 4216; (d) an

umbrella shaped tidal debris structure in NGC 4651; (e) an enormous stellar cloud in NGC 7531; (f)

di�use, large-scale and more coherent features around NGC 3521; (g) a prominent spike and giant

wedge-shaped structure seen emanating from NGC 5866 (BBO 0.5-meter); and (h) a strange inner

halo in NGC 1055, sprinkled with several spikes of debris (RdS 0.5-meter). Each panel displays a

(linear) super-stretched contrast version of the total image. A color inset of the disk of each galaxy

(obtained from data from the same telescope as the luminance images) has been over plotted for

reference purposes. In addition, some of the original images were also cropped to better show the

most interesting regions around each target.

Martinez-Delgado et al.

NGC 4651
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We know 
about 
plenty of 
streams in 
the MW 
(20-50 
depending 
on who you 
ask!)



techniques for modeling tidal streams 

• Orbit integration


• Fast stream approximation


• N-body modeling


• Clustering methods
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techniques for modeling tidal streams 

• Orbit integration


• Fast stream approximation


• N-body modeling


• Clustering methods
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Palomar 5, Küpper et al. 2015
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techniques for modeling tidal streams 

• Orbit integration


• Fast stream approximation


• N-body modeling


• Clustering methods



Sagittarius Stream in 
triaxial dark matter halo: 
Vera-Ciro & Helmi 2013;  
Law & Majewski 2010
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techniques for modeling tidal streams 

• Orbit integration


• Fast stream approximation


• N-body modeling


• Clustering methods



The accreted stellar halo is clumpy in action space
View in Galactic coordinates

View in action space 
(using correct potential)
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Sanderson, Helmi, & Hogg 2015



Actions are most clustered in the correct potential

Jr =
GMp
�2E

� 1

2

⇣
L+

p
L2 + 4GMb

⌘ Potential parameters 
Observations 
Both

Mtrue=2.7x1012 M⊙

Sanderson, Helmi, & Hogg 2015



Aquarius A tagged star particles

Sanderson et al. 2017a 

Best fit  
mass profile

Gaia DR3 With 4m MOS  
followup

With LSST,  
PFS, MSE, 
WFIRST, 
& ELTs

The stellar halo constrains the MW's gravitational potential

Best spherical NFW fit



techniques for modeling tidal streams 
• Orbit integration (e.g. Koposov, Rix, & Hogg 2010)

• Fastest but inaccurate (see e.g. Sanders & Binney 2015)

• can be used to search for streams (e.g. Malhan & Ibata 2018)


• Fast stream approximation (see e.g. Küpper et al 2015)

• Many methods available (see papers by Fardal, Bonaca, Sanders, 

Bovy, …)

• better approximation than orbit integration

• More free parameters: need assumptions about progenitor, stripping 

rate

• N-body modeling (e.g. Law & Majewski for Sgr, Fardal et al. for M31 

giant stream)

• Most physically realistic, but computationally demanding (see https://

milkyway.cs.rpi.edu/)

• Above methods used to narrow down large parameter space


• Clustering methods (Peñarrubia+2012, Magorrian 2014, 
Sanderson+2015)

• membership not required (but helpful); prior is that stars are accreted

• fit many streams simultaneously, but can be derailed by one large 

contributor

• need 6D data for stars in sample

https://milkyway.cs.rpi.edu/
https://milkyway.cs.rpi.edu/


where are we now? 



The MW’s mass & shape are well 
constrained in the inner ~20 kpc…

100 kpc 100 kpc

Dark Matter (CDM) Stars

…which is probably less than a tenth 
the radius of the DM halo.

Wegg, Gerhard, & Bieth 2019

Posti & Helmi 2019



where are we headed? 



2017 2018 2019 2020 2021 2022 2023 2024 2025

LSST

Subaru PFS 

Gaia Ext
WFIRST

4MOST 
DESI 
WEAVE 

GMT 
TMT 

ELT 

SDSS-V 

Gaia is only the beginning

Astrometric + spectroscopic
Photometric + astrometric

Spectroscopic: <4-m class
Spectroscopic: >4-m class

By 2028, we will have 
6+D information 

for stars to the MW’s 
virial radius and 

beyond (~300 kpc)…

..and resolved 
stellar maps of the 
~100 nearest MW-

like galaxies

Euclid

MSE (2027)



Sanderson et al. arXiv:1903.07641
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To learn more about action-angle variables…
• Binney & Tremaine, Galactic Dynamics (2008 edition) chapter 3 

has an introduction. Your institute may give access to the 
electronic version.


• Goldstein, Poole & Safko, Classical Mechanics (2002 edition) 
chapters 8-10 focus on the mathematical physics of the action 
transformation


• Wilma Trick’s talk at the recent KITP conference on Gaia has an 
intuitive introduction to actions based on the epicyclic 
approximation


• Helmi & White, 1999 discusses how stellar streams evolve in 
action space


• McGill & Binney, 1990 and subsequent papers discuss how to 
compute actions and angles for generic gravitational potentials

https://press.princeton.edu/titles/8697.html
https://en.wikipedia.org/wiki/Classical_Mechanics_(Goldstein_book)
http://online.kitp.ucsb.edu/online/gaia_c19/
https://ui.adsabs.harvard.edu/abs/1999MNRAS.307..495H/abstract
https://ui.adsabs.harvard.edu/abs/1990MNRAS.244..634M/abstract

